MINISTRY OF EDUCATION AND SCIENCE

b OF UKRAINE
) §'y STATE BIOTECHNOLOGICAL UNIVERSITY
‘/ A Iv/iriblls \m‘\\'\s/ y\
- N >

Faculty of Mechatronics and Engineering

Department of Physics and Mathematics

ELEMENTS OF VECTOR ALGEBRA

Guidelines for Students Studying a Course of Mathematics in
English
for the first (bachelor) level of Higher Education
Specialty 281 "Public Management and Administration”

Kharkiv
2023



MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE

STATE BIOTECHNOLOGICAL UNIVERSITY

Faculty of Mechatronics and Engineering

Department of Physics and Mathematics

ELEMENTS OF VECTOR ALGEBRA

Guidelines for Students Studying a Course of Higher Mathematics
in English
for the first (bachelor) level of higher education
Specialty 281 "Public Management and Administration™

Approved by decision
Scientific and Methodological
Council FECKT

Protocol Ne 3

from October 31, 2022

Kharkiv
2023



UDC 543.395(075.8)

Approved
at the meeting of the Department of Physics and Mathematics
Minutes Ne 3, October 31, 2022

Reviewers:

Kurennov S.S., Dr. Tech. Sciences, Prof., Department of Higher Mathematics and Systems
Analysis, National Aerospace University “Kharkiv Aviation Institute”

Misiura 1.Yu., Ph.D., Tech. Sciences, Assoc. Prof., Department of Higher Mathematics
and Economic and Mathematical Methods, Simon Kuznets Kharkiv National University of
Economics

ELEMENTS OF VECTOR ALGEBRA: Guidelines for Students Studying
a Course of Higher Mathematics in English/ State Biotechnology University;
authors: N.V. Smetankina, A.O. Pak, T.O. Sychova. — Kharkiv, 2023. — 25 p.

Basic definitions of Vector Algebra, linear operations on vectors, concepts of
scalar, vector and mixed product of vectors are given. Guidelines contain tasks
for independent work. It is recommended for students studying mathematics
in English.

Responsible for the issue: N.V. Smetankina, DSc., Prof.

© N.V. Smetankina, A.O. Pak,
T.O. Sychova, 2023
© SBU, 2023



1 VECTORS

1.1 Basic Definitions

There are two aspects of quantities: scalar and vector ones. Quantity which
is defined by a numerical value is called as a scalar. For example, a mass, volume,
temperature, goods cost. Quantity which is characterized by numerical value and a

direction is called as vector quantity. For example, velocity, acceleration, force.

Definition. Vector is a directed line segment (Figure 1).

Ay
AB

Figure 1

Point A is the initial point; point B is the terminal (end) point.
AB=a.

If the vector has no application point, it is a free vector. We shall consider

free vectors.

Definition. The length or modulus of a vector AB is called the length of
the segment and is denoted by | &, ‘E‘ .

A vector with zero length is called a zero vector O,

O]=0.



The vector with unit length is called a unit vector &,
e[ =1.
A unit vector with direction vector a is called an ort of vector . Denote a°.

Definition. Vectors lying on the same straight line or on the parallel straight

lines are called collinear.

Vectors a,b,c are collinear ones, a] |b| [c (Figure 2).
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Figure 2

Definition. Vectors lying on the same plane or on parallel planes are called

coplanar.

Vectors a,b,c,d are the coplanar vectors (Figure 3).

Figure 3

Definition. The vectors a and b are called equal, if they are collinear and
have the same length and direction.



The vectors @ and b on Figure 4 are equal (Figure 4).

a| = b

alTbh

b la| |b.
|

Figure 4

1.2 Linear Operations

(A) Sum of vectors

Triangle rule. Let @ and b be the given free vectors. Draw the vector b from

the terminal point of the vector a. The sum of vectors @ and b is the vector

c=a+b connecting the initial point of the vector a with the terminal point of the

vector b provided that the initial point of the vector b coincides with the terminal

point of the vector a. (Figure 5)

b
y P
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Figure 5



Parallelogram Rule. The sum of vectors a and b is the vector c. It is a

diagonal of the parallelogram constructed on vectors a and b (Figure 6).

Figure 6

A sum of any number of vectors can be calculated according to the polygon

rule.

Polygon Rule. The sum of several vectors is a vector which connecting the

initial point of the first vector with the terminal point of last vector.

For example, the sum of vectors &,b,¢, d is the vector (Figure 7)

S=d+b+c+d.
b —=
a c
= d
S

Figure 7



The Properties of the Sum of Vectors

(B) Difference of Vectors

The difference of vectors a and b is the sum of vector a with a vector which

is opposite to vector b (Figure 8)

Figure 8

(C) Product of a Vector by a Scalar
Let the vector a and some number A are given, A =0. The product of a
vector @ by a scalar (number) A is the vector b with modulus [i]-[a]. If 1 >0, its
direction coincides with direction a; if A <0, it is opposite to direction a
(Figure 9),
b =2a, |b|=-lal-
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Such equalities are true
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where a° is an unit vector (ort).

It follows condition of collinearity of vectors a and b

b=\-a.

Collinear vectors are proportional.
Example. Vectors a=(1,3,—2),b=(1,2,0),c=(2,3,6) are given. Find their
linear combination d =2a+3b—c.

Solution.
d=2(1,3-2)+3(1,2,0)-(2,3,6)=(39,-10).

1.3 Projection of the vector onto an axis

Let vectors & and b are given (Figure 10). The angle between vectors a and

b is the least angle ¢ on which we turn one of vectors before its coincidence to

another 0<op<T.



Figure 10

Let a vector AB and an axis [ are given (Figure 11). On axis | the point A

has coordinate x;, and the point B has coordinate x; .

Difference x, — X, is called the projection of vector AB onto the axis |.

Denote Pry AB = X, — X, .
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Figure 11

If x, > X, the angle ¢ between a vector and an axis is acute, if X, <x; an

angle is obtuse.

Let consider the basic theorems about projections.

Theorem. The projection of vector AB onto the axis | is equal to product of

vector length on cosine of angle ¢ between the vector and the axis

Pnﬁz‘ﬁ‘cosw. (1)



Theorem. The projection of the sum of two vectors onto an axis is equal to

the sum of their projections onto this axis
Pr, AC =Pr, AB +Pr, BC.
Theorem. If the vector multiplies by a number, its projection multiplies by

this number too
P (.- AB)=1-Pr,(AB).

1.4 Coordinates of a Vector

Consider the rectangular coordinate system (Figure 12). The coordinate
axes: Ox is the X-axis, Oy is the Y-axis, Oz is the Z-axis. Let i, j,k be the unit

and orthogonal vectors (orts) giving the direction of the coordinate axes

Ox,0y,0z:
il=7=[F|]=1 7L JjLk.

= =
]

Figure 12



Construct the vector @ =OD and find its projection onto the coordinate axes

a=0D=0A+AD=0B+0C+AD=xi+Y]j+zk,
where

x=Plpya=a,, y=Prp a=a,, z=Pry,a=a,.

yl
Numbers a,,a,,a, are called the coordinates of the vector a. There is the

coordinate form of the vector a
a=(a.a,.a,) )

The vector form of the vector a or the expansion of the vector a through the

base i, j,k is
J+ak. (3)

Let the vector is given by the initial point A(x;,y;,z;) and end point

B(X,,Y,,2,). Then

A =X =X, &y =Y~ VY, 8, =2~ 4.

If vectors a=(a,,a,,a,), b=(b,b,,b,) are given, we can write through

coordinates:

(a) length of the vector a

a|=/a; +aj +a;

A= =X P +(yo - P + (22— ; ()

(b) sum (difference) of vectors
aik?:(ax +b,,a, +b,,a, ibz);

(c) product of a vector by a scalar



Aa =(ra,,Aay,Aa, ).
(d) condition of collinearity of vectors a and b

ax ay az

b, ()

Figure 13

Angles o, 3,y are called the direction angles of vector a . Let find projections

of the vector onto coordinate axes

a, =|ajcosa,a, =|alcosp,a, =|alcosy.

From here
a a a
cosa =% cosPp=—-,cosy =~ . (6)
A A A
are direction cosines of a vector. Thus the identity is true
cos? o +C0s B+ cos? y =1. )

A unit vector of a vector a is defined as

a’ = (cosa, cosp, cosy).



Example. The points A(1;2;3) and B(3;—4;6) are given.
Find a) vector AB and its length:
b) direction cosines;

c) a unit vector (ort) of AB.

Solution.
a) Denote AB =a. Calculate coordinates of the vector:
ay =X, =X ay =Y, - Y¥,8, =2, - Z;,
a,=3-1=2a,=(-4)-2=-6;a, =6-3=3,
a=2i—-6j+3k.

The modulus of vector is calculated by the formula

\a‘\z\/af+a§+a22, ‘E‘:\/zz 6) +32=449=7.
b) Calculate direction cosines of the vector

a
—y:—g,COSyza—_Z=§.
7 7

A

a, 2
cosa:—xz?,cosB:

A

Check up this result

2 2 2
cos? o+ oS> B +cos? y =1, (E) +(—§] +(§j =1 1=1.

¢) Ort of the vector is



2 SCALAR, VECTOR AND MIXED PRODUCTS OF VECTORS

2.1. The Scalar Product

Definition. The scalar product (dot product) a-b of vectors a and b is the

number (scalar) equal to the product of their moduli on cosine of the angle between

them o=a b (Figure 14)

a-b =|al:|b|-coso. (8)
a
® b
PI’E—}E
Figure 14

Let write scalar product in another way
a-b=|al-Pr;b =|b|-Pr; a.

Consider properties of the scalar product.

Properties of the Scalar Product



5)ifa-b=0,thena L b,

i-j=j-k=k-i=0.

If the scalar product of two non-zero vectors equals zero, then they are

perpendicular (orthogonal).

If vectors are given by coordinates

a=a,+ ] ak,

O

=h,i +b, j+b,k,
then scalar product is equal to the sum of products of coordinates

a-b=a,b +a,b, +a,b,. (9)

Obtain the angle between vectors & and b from definition

a-b =[al-jp|-cosp = cosp= ;ﬁb_ =3
al-[o]
b b b
= COSQ = B0« 8y T 80 = @ =arccos(cose). (10)

\/a§+a§+azz '\/b$+b§+bzz

Condition of perpendicularity (orthogonality) of two vectors given in

coordinate form is

alb<eoe=n1/2<cosep=0<a,b +asb, +a,b, =0. (11)



Mechanical meaning of scalar product: scalar product is the work A. Work
is equal to product of magnitude of force F on magnitude of translation S and on

the angle cosine between their directions A=F -S =|F|-[S|-cos(F, S).
Example. Vectors a=3i + 4]+ 7k and b =6i —3] + 2k are given.
Find (a+b).

32+ 4%+ 77 =74;

Solution. (a+b)* =a? +2ab +b?; a? =[af’
b?=|p| =67+ (-3)2+22=49; a-b=3-6+4-(-3) +7-2=20;

(@+b) =74+2-20+49=163.

2.2 The Vector Product

Definition. The vector product of the vectors a=(a,,a,,a,) and

b = (by,b,.b, ) is the vector c=axb defined as follows :

(a) the modulus of the vector is equal to the area of parallelogram constructed

on the vectors @ and b,
cl=S=la-p|-sine, (p:(afa); (12)
b) vector € is perpendicular @ and b, ¢l a, c¢Lb;

c) vector ¢ forms with the ordered pair vectors @ and b the right triple of

vectors.



We have a right triple of vectors if the shortest rotation of the first vector to
the second one is observed from the end point of the third vector in the

counterclockwise (Figure 15).

Figure 15

Properties of the Vector Product

1) axb =—(b xa) (the vector product is anticommutative);

2) 1(axb)=(ra)xb =ax(1b);

4) axb= oa | |6 a=0, b=0 (condition of collinearity of two

vectors).

The vector product of unit vectors (orts) are

Write the coordinate form of the vector product for vectors a =(a,,a,,a, )

and b = (b,,b,,b, ).



axb =(a,i+ a,j+ a,k Jx (b, i + bij+bZE): axby(TxT)+
+aub, (i xk )+ abe(TXi_)'f- ab, (7 xk )+a,b,(k xi )+ azby(ExT):
=ab k —ab, j —ab,k +a,b,i +ab, j —abyi =

- (aybz B aZby) i - (axbz - asz )T + (axby - aybx) k ;

a'X
by
Mechanical meaning of vector product: vector product is a torque of force

concerning a point.
2.3 The Mixed Product

Definition. The mixed product (triple scalar product) of three vectors a, b
and C is called the vector product of two from them multiplied as scalar on the third

vector

[axb| -corab-

Ql

The mixed product has certain geometrical meaning. The modulus of the

mixed product is equal to the volume of the parallelepiped constructed on the vectors

a,bandc
v =[axb]q. (14)

Write the coordinate form of the mixed product for vectors a :(ax,ay,az),

b =(b,.b,.b, ) and ¢ =(c,.c,.c,)



(15)

aX
laxblc=la, a, a,.
a'X

a, a
Let remind that vectors lying on the same plane or on parallel planes are called

coplanar. Now formulate condition of coplanarity of three vectors. Nonzero vectors

are coplanar, if their mixed product is equal to zero:

a=0,b=0,c=0, [axt_)] =0« a, b, C are coplanar;

a, a, a,
b, b, b,|=0. (16)
¢, C, C



3 TASK “ELEMENTS OF VECTOR ALGEBRA”

Let there be given coordinates of vertices of a pyramid ABCD.

Find:

a) Vectors AB, AC, AD and their modules,
b) The angle between vectors AB and AC ;

c) Projection of vector AD onto vector AB;
d) Area of side ABC;

e) Volume of a pyramid ABCD.

Data for completing an individual task

A(2; -3; 1), B(6; 1; -1), C(4; 8;-9), D(2; -1, 2).
A(5; -1; -4), B(9; 3; -6), C(7; 10;-14), D(5; 1; -3).
A(1;-4; 0), B(5; 0; -2), C(3; 7;-10), D(1; -2; 1).
A(-3; -6; 2), B(1; -2; 0), C(-1; 5; -8), D(-3; -4; 3).
A(-1; 1; -5), B(3; 5; -7), C(1; 12; -15), D(-1; 3; -4).
A(-4; 2; -1), B(O; 6; -3), C(-2; 13; -11), D(-4; 4; 0).
A(0; 4; 3), B(4; 8; 1), C(2; 15; -7), D(0; 6; 4).
A(-2; 0; -2), B(2; 4; -4), C(0; 11; -12), D(-2; 2; -1).
A(3; 3; -3), B(7; 7; -5), C(5; 14; -13), D(3; 5; -2).
10.A(4; -2; 5), B(8; 2; 3), C(6; 9; -5), D(4; 0; 6).

© ©o N o 0 B~ W DN PRE



Sample Task

Let there be given coordinates of vertices of a pyramid ABCD:

A(2; 1; 0), B(3; -1; 2), C(13; 3; 10), D(0; 1; 4).

Find:

a) Vectors AB, AC, AD and their modules,
b) The angle between vectors AB and AC ;
c) Projection of vector AD onto vector AB;

d) Area of side ABC;

e) Volume of a pyramid ABCD.

Solution

1. A free vector a can be presented by the expansion corresponding to the

coordinate axes or to the orts

a=ad+a,j+ak, (T.1)
where ay, ay, @, are vector projections on the axes 0x, Oy i 0z.

If points M;(x;,y;,2) and M,(x,,Y,,2,) are given, then projections of

vector a =M;M, onto coordinate axes can be found by formulas

a, =X, —X,ay, =Y, -Y,a, =2, - 7. (T.2)



Let's substitute coordinates of points A and B to (T.2) and (T.1) and we obtain

vector AB
AB=i-2j+2k.
Similarly, we find
AC =11i +2j +10k; AD=-2i +4k .

The modulus of vector a given by the formula (T.1) is calculated by the

formula

al= \/af +ag +a; . (T.3)

Applying (T.3), we obtain modules of the found vectors

\E\ =3, \E\ =15, \E\ =2.5.

2. Cosine of the angle between the vectors is the scalar product of these

vectors divided by the product of their modules. Find the scalar product of vectors

AB and AC
AB-AC =1-11+(-2)-2+2:10=27.

Hence,

cos(AB,AAC) = AB- AC/ QAB} -‘ACDz 27/(3-15)=3/5=0,6; (E,AE) =53°,

3. The projection of the vector AD onto the vector AB is equal to the scalar

product of these vectors divided by the modulus of the vector AB:

Prig AD = AB-AD/|AB|=(1-(-2) +(-2)-0+2-4)/3=2.



4. The area of side ABC is equal to half of area of the parallelogram
constructed on vectors AB and AC . The area of the parallelogram constructed on

vectors AB and AC is equaled to the modulus of the vector product of these vectors:

i kK
ABxAC=|1 -2 2|=-247 +12j+24k; S=|ABx AC|=36 (square units).
11 2 10

Then the area of side ABC is equal to
1 :
Sagc = ES =18 (square units).

5. The volume of the parallelepiped constructed on three not non-coplanar

vectors, is equaled to the modulus of their mixed product. Calculate the mixed

product (AB x AC)- AD

1 -2 2
Vi =|(ABx AC)- AD|=|11 2 10/=144 (cubic units).
-2 0 4

Thus, the parallelepiped volume is equal to 144 cubic units, and the volume

of the given pyramid ABCD is equal to one sixth of the volume of parallelepiped:

1 1

Voar =5 -144 = 24 (cubic units).

V :gp

pyr
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