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Onucano 32acaroydi KOAUBAHHS NPYICHOI CUCMEMU 3 CYXUM MEePmAM, CHPUYUHEH] Me-
XAHIYHUM YOApPOM NO HbOMY MEepoumM milom. Bukopucmana mexniuna meopis yoapy, 3a Koo
6IH 66adicacmvcsi mummesum. Pozenanymo oea eapianmu 0OHOAKmMHO20 yoapy: HeioearbHo
NPYAHCHULL 20PUSOHMATLHULL | AOCOIOMHO HENPYICHUL 8ePMUKAIbHULL, KOIU 000AMKO80 8PAX0-
8YEMbCA MAKONHC OISl MUMMEBO NPUKIAOeHOi 6acu mina, wjo edapse. Memoodom npunaco-
8YBAHHS PO38 S3Ki8 NOOYO0BAHO KOMNAKMHI AHANIMUYHI 6UPA3U OJIs1 0OUUCTEHHS AMNIIMYO ne-
pemiwensb i MaKCUMymie NPYICHUX 8IOHOBTIOIOUUX CUT 8 Ocyuramopi. Busedeno maxooc gop-
MYAU 07151 0OOUUCTIeHHSL YacCy, KOIU 00CA2AIOMbCA eKCMPEeMYMU NepemiujerHs i NPY#CHOI cuiu
nicaa yoapy. Ilokazano, wo i3 00epicanux meopemudnux pe3yibmamis, K OKpemutl 6Unaoox,
sunausae gpopmyna Kokca, giooma 6 mexuiuniu meopii yoapy 05 i0eanvHO NPYICHUX CUCTIEM.
Hasedeno npuxnaou po3paxynkis, 0e nokasano 0OMedHceHy KilbKiCmb po3Maxié KOIUBANbHOI
oucunamuenoi cucmemu niciis yoapy. Bemanoeneno yzeo0dcenicms pe3yivmamis po3paxyHKy
3a 8UBEOEHUMU POPMYIAMU 3 Pe3YTbMAMAMU YUCI0B020 [HMe2PYB8aAHHs OUGhepeHyianbHo20
PDIBHAHHA PYXY HA KOMN tomepi.

Kniouogi cnosa: ocyunsamop, cyxe Kyionogee mepms, MexaHiuHuil yoap, nepemiujenHs,
NPYIACHI CUNU, IX eKCmpPeMyMU.

AKTyalbHicTb. BUIbHI KONMMBaHHS MIMPOKO PO3IIISAAIOTH B 3a/1a4ax HAa KOJIMBaHHA. B
peaIbHUX cHUCTeMax, sIK MPaBUJIO, MPUCYTHI CHIIN OTOPY, K1 MPU3BOASTH J0 3racaHHs KOJU-
BaHb. OTpUMaHHSI KOMIIAKTHUX PO3PaXyHKOBUX (POPMYII Uil KOJIMBAJIBHUX CUCTEM 3 CYXUM
TEPTSIM € BAXIIMBO 33Ja4el0 JJI PO3paxyHKY Mpane3JaTHOCTI pealbHUX KOHCTPYKIIiH Ta aera-
JIEW MalllKH.

AHami3 octaHHix nmyOJaikaniii. B quHaMII OCIUIATOPIB 3 CYXHM TEPTSIM HAHOUTBII
BHBYCHI BUIbHI KOJMBAHHS, SIKi BUCBITJIEHI Maii’e B KOXKHOMY KypcCi TEOpETHUHOI MeXaHiku [1,
2]. 3Ha4HO MEHIIIE YBard MPUILJICHO B HAYKOBIH JTITEpaTypi IUHAMIII TaKUX OCIMIATOPIB IIPH
Oil yIapHUX HaBaHTaXEHb, Xo4a JIesIKi 3a/1a4i B IbOMY HampsiMi po3risinyto B [3]. Tomy no-
[UTBHO JIOCIIIUTH BIUIMB CYyXOTO TEPTS Ha ICISA yJapHi KOJWBAaHHS Ta BHUBECTH BIJIMOBIJIHI
bopmynu Ui pO3paxyHKY X OCHOBHHX ITapaMeTpiB.

Merta crarTi. MeTor0 CTaTTi € MaTeMaTUYHE MOJICITIOBAHHS PYyXY OCITUIIATOpA 3 KYJIO-
HOBHM CYXHM TEPTAM IiCIs yAapy IO HbOMY TBEPJIUM TLJIOM.

JInst mOCATHEHHS 111€1 METH BUKOPHCTOBYEMO TEXHIUHY TEOPII0 yaapy, 3a SKO¥ He Bpa-
XOBYETBCSI HOTO TPUBAIICTh y Yaci, Ta METOJ MPUIIACOBYBAHHS PO3B’A3KiB TU(EpEHIiaIbHUX
piBHSAHB. [Ipy 1bOMY 3a/TITHO TaKOXK BiJIOMi pe3yJbTaTH 3 TEOPii BUIBHUX KOJWUBAaHb JUCHIIA-
TUBHUX CHCTEM 3 CyXUM TEPTSIM.

BuKJ/ageHHsI 0OCHOBHOI'O MaTepiaJry.

1. 3ynuHMMOCH CIIOYaTKy Ha HeifeadbHO HPYKHOMY TOpH30HTanbHOMY yaapi. Ile-
PEMILLEHHS KOJIUBAJIBHOI CUCTEMHU x(t) B HampsMi TOPU30HTAIBHOI BiCl OX omucyemo aude-

PEHLIaJIbHUM PIBHAHHAM:
mx +cx+ Fsign(x) =0, (1)
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y AKOMY M1 - Maca OCHMJIATOPA; C - KOSPILIEHT )KOPCTKOCTI HOTO MPYKUHU; F - CHJIA CyXOTro
TEpTs; Kpanka HaJ X O3Hayae MOXIJHY 3a 4YacoM 7.

[Mpunyckaemo, 110 10 yAapy OCUMIATOP 3HAXOMBCS B CTaHI CIIOKOIO, @ B MOMEHT =0,
BHACIIJIOK yIapy, MHUTT€BO OTPMMAaB IIBUAKICT U, . ToMy piBHAHHS (1) ZOIOBHMMO MOYATKO-
BUMH YMOBAMHU:

x(0)=0; x(0)=uv,- 2

Jns obuncnenHs U, BUKOPUCTOBYEMO BiioMy dopmyiy [4]:

o = mOVO(1+K)’
M
ne M =m+my; M, - Maca Tina, sKe BAapse 3i mBuakicTio V mo ocummaropy; K -
Koe(illi€HT BiJHOBICHHS.
Po3zBszok 3anaui (1), (2) nogaemo y BUTTISAIL

x(t):%Sin(a)t)—g(l—cos(a)t)), (3)

TO3HAYHUBIIY Yepe3 @ =~/C/m .
[TofanbIIuM NepeTBOPEHHAM PO3B’A3KY (3) OTPUMYEMO:

x(t)=—£+Asin(a)t+go)- (4)
(64
sz _ Fo
> @ =arctg—-
cv,

I3 (4) BumuuBae, 1m0 HAMOIBIIE IEPEMIIIEHHS CHCTEMHU CTAHOBUTD:

maxx(1) = x(1,) = dy = (U_j +(Ej2 F

[0 c c

pop = L7 _
AN 4

B 1€l MOMEHT Yacy MakcHMalbHa i pyXkHa (BiIHOBIIOI0OYA) cua | (t ) , IPUIOMY

max f'(¢t)=f(t,)=ca,-

[pu mamiii mBMAKOCTI ypapy abo Mmaniidl maci 71, BIAXMIMBLINCh HAa @, BiJ IOJIO-

1 A0CATAETHCA BOHO IIPpU:

xerns X =0, ocmIaTOp MOYKE MOBHICTIO 3yIIMHUTUCHEB 00nacTi 3actoro. 11106 BigbyBascs
fioro nmojanbmmii pyx npu ¢ > f,,, TOBUHHA BUKOHYBAaTHCh yMOBA!

ca, > F a6o mOVOI(‘;+K) > ﬁ‘”F. 5
C

Y 1poMy BUMAJKY, Y BIAMOBITHOCTI 3 TEOPi€I0 BUTRHUX KOJNWBAHG [1, 2], po3paxyHOK
MOJANbBIINX aMIUITYR @, , 1 =1,2,..., 3BOAUTBCS 1O PEKYPEHTHHUX CIIiBBiIHOIICHD!

2F 2F 2F 2nF
a, =a,— s, =a,——> - a,=a, | ———=ay——-
c € @ c
OcuunsaTop nepeiizie B CTaH CIOKOIO B 00J1aCTi 3aCTOM0, AKIIO:
ca, <F.

Yac 10CATHEHHS aMILIITYIU ¢, JIETKO 3HAWTH 110 GopMyIIi:
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n

nrw
t,=t,+—, n=12,..
w

OTxe XapakTEepUCTUKK PyXy ¢, 1 { € 4leHaMi apu(METHIHUX IIPOTPECIH.

PosristHemo mpukian. IIpoBemeMo po3paxyHOK KOJNHMBaHb OCIHJISATOpPA, Y SKOTO
m=>5xr; c=1125H/m; F =14,715 H. ¥Ynap 31iHCHIOETCS TIIOM Macor0 /m, =1 Kkr 31 LIBH-

kicTio V=6 M/c npu xoediuieHTi BigHOBIEHHA K =0,5. Jnd IMX BUXiJZHUX JaHHHX:
v, =1,5m/c; @w=15¢" i BUKOHYeTbCA HePiBHICTH (5). ToMy OCHHIATOP BUXOAMUTH 3 06IACTi

3aCTON0 BHACHIIOK yaapy. Pesynbratu obuunciens a, 1 ¢, HaBeneHi B Tadi. 1.

Ta6muus 1
3naveHHs a, i {, IPH rOPU3OHTAJIBLHOMY yaapi
n 0 1 2 3
100a,, M 8,777 6,161 3,545 0,929
107, ¢ 0,961 3,055 5,149 7,244

Pe3ynbraTi 4MCIIOBOr0 KOMII'FOTEPHOTO IHTETrpyBaHHsS piBHAHHS (1) mpu BKazaHHX
BHUIIE YHCIIOBUX JaHHUX 1 MOYaTKOBUX YMoOBax (2) rpadiyHo mojaaHi Ha puc. 1.

9][ lOOx(t),.:w

10¢,¢

-

-6

Puc. 1 - I'padix nepeminiens 0CIHJISTOPA IPH FOPH30HTATBHOMY yAapi

Sk Gaunmo, 10 TOBHOI 3yIMUHKH OCITWIISITOP BUKOHYE OOMEXEHY KITbKICTh pO3MaxiB.
Cnocrepiraerbcs rapHa BIANOBIAHICTE @, 17, B Ta0m. 1 1 puc. 1, 1m0 miaATBEpAXKyE BIpOT1IHICTh

aHAJTITUYHUX PO3B’SI3KIB.
2. BeptukanpHuii abcoOTHO HenmpykHUil yaap. CpsMyeMo BiCb OX BepTUKaIbHO

BHU3 y HaIpsIMi yaapy 110 OCLHIIATOPY Tilla Macoto /1, 3i mBuakictio V), . Tyt, Ha BigMiHY Bix
MOTIEPETHBOI 33/1a4i, OyJIeMO JTOJTATKOBO BPaXxOBYBATH JIiF0 MUTTEBO MPHKIIAJACHOI Bark Tijia,
10 BJApse€, iKa JOPIBHIOE Mg 1€ & - IPUCKOPEHHS BUILHOTO MaIiHHS.
30epiraroun momnepenHi MO3HAYEHHS, BEPTUKAIbHI MEPEMILICHHS OCLUIIATOpA x(t )
onucyeMo AuQepeHIiaTbHIM PIBHSIHHSIM:
]\[x+cx+F51gn(x):mOg. (6)
Horo nomnoBHIOEMO MOYATKOBUMH YMOBAMH:
x(0)=0; x(0)=v,=mV,/M .

Po3Bs3ok 1i€i 3anaui npu f € [0; to] Ma€ BUIJISL:
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=i mg =k _ , ™
x(1) psm(pt)+ ; ( cos(pt))
-F
A¢ p=Nc/M; t0=l(£+l//j; y/=arctg%_
p\2 cv,

[TopanpmyM nepeTBOpeHHSIM pO3B 30K 3BOIUMO JI0 CYMHU:

x(1) =8~ Bsin(pr—y).

c
2 2
B SKIN B — [&] _,_(Mj .
p c

Haii0inp1ne nepeMilieHHs CHCTEMH BHU3 JOCATAETLCA IIPU [ = {;) 1 CTAHOBUTE:!

2 2
max x(t)=x(t,)=a, = (&j +(m0g—F) Lmg—F ®)
)% c c
Momy BizmoBisae Haii6iIbIIe 3HAYCHHS PY/KHOI Bi THOBITIOIOUOT CHIIH:
max f(¢)= f(t,)=ca,-

3asHaunMo, mo koiuu B (8) moxiactu 7 =0 inmosnauntu yepes X, = m,g / ¢, T0 BOHa

Haly1e BUTJTIS:

VVOZ

g(l 52 ﬂ]xc
m

e ¢popmyna Kokca, Bimoma B TexHIuHiN Teopii yaapy [5, 6]. Otxe , (8) y3aranpHioe
BiJJOMI TEOPETUYHI PE3yJIbTaTH 1 JI03BOJISIE PO3paxyBaTu KOePIi€eHT TUHAMIYHOCTI CUCTEMHU:
K, =a,/x,.

a,=x,| 1+ [1+

[Topanbmmii pyx ocuunsTopa npu ! > f,, MOXKJIMBHH 3a yMOBH, 110:

F
a, >% abo v, >§\/3F2 +myg(2F —m,g)-

V npoMy BUIIAJIKY, 3T1JHO 3 TEOPIEIO BUIBHUX KOJIUBAHb, AMIUITYH d, 3aA0BOJIBHAIOThH

CIIIBBITHOIIIEHHIO:
n
F—(-1) m,g
0
an:an—l_z ( ) 2 I’l=1,2,..., (9)
c
a Jac X JOCATHEHHS 3MIHIOETHCS 32 3aKOHOM apu(METHIHO1 IPOrpecii:
nr
t =t,+—, n=12,.. (10)
p

Jnst obumcnenss £, i a, cuin BukopucroBysath (7)1 (8).

OcuuasATOp NPUITMHUTD PYX, SKIIO:

F+ (—1)" myg

—

BukopucroBytoun onepxani (OpMYIH, JOCUTh MPOCTO OOYUCIUTH HaWOLIbIIe Iie-

PEMIIICHHS 1 3yCHIIISL B OCIIIIATOPI, @ TAKOK aMIUTITY/IH 1HIITUX pO3MaxiB JI0 MIOBHOI 3YMIMHKU
OCIIHJISITOPA.

a <

n
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Posrustnemo mpukiia. PospaxyHKku nNpoBOAMMO IIpU m =3 Kr; m, =2 kr; ¢ =3125 H/m

; F=30H; Vy,=5w/c. lluM BuxiguuMm jxaHuM Bignosizae: p=25c¢"'; v, =2 M/c;

m,g=19,62 H.
OGumncneni mo (9) i (10) 3navenns @, 1 ¢, 3anucani B TabI. 2.
Tabmums 2
3HaveHHs g, i {, IPH BePTHKAJILHOMY yaapi
n 0 1 2 3
100a, , m 7,675 4,499 3,835 0,659
10¢,, ¢ 0,612 1,868 3,125 4,382
\
/ \ ya 10¢,c¢
6 -—

il

4

' 100x(1), m

Puc. 2 — I'padik KoJIMBAHBL OCHMJISATOPA NPH BEPTHKAILHOMY yaapi

Jnis mopiBHSHHS, Ha puUC. 2 300paxeHo rpadik nepeMinieHb x(t) , OJIEP’)KaHUM YUCIIO-

BUM IHTETPYBaHHSAM DiBHSHHS (6) Ha KOMIT 10Tepi. MaeMO MOBHY BiJIOBIIHICT OJEPIKaHUX
pi3HUMHU criocobaMu pe3yabTaTiB B Tabm. 2 1 Ha puc. 2.
BucnoBkmu. 3aaua miciasiyJapHUX KOJMBaHb CUCTEMH 3 CyXHM KYJIOHOBUM TEPTSAM Mae
3aMKHYTI aHAJIITUYHI PO3B’SA3KH, IO y3aralbHIOIOTH BitoMy Gopmyny Kokca. OGuncneHHs am-
IUITYHAX BiIXWJIEHb OCIUIIATOPA Bijl BUXiaHoro monoxkenns X = 0 iyacy ix gocsarnenns 380-
IUTHCA O BUKOPHCTAHHS PEKYPEHTHUX CIiBBIIHOLIECHb. [IOpIBHAHHA OJepXKaHUX PI3HUMHU
croco0amMM YHCIOBHX pE3YJIbTATIB MiATBEPAWIO BIPOTIJHICTh BUBEIACHUX PO3PAXYHKOBHX

bopmyi.

(98]
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Summary

Olshanskiy V.P., Burlaka V.V., Slipchenko M.V. Oscillations of an elastic system
with dry friction during a mechanical shock

Damped oscillations of an elastic system with dry friction caused by a mechanical im-
pact on it by a solid body are described. The technical theory of shock is used, according to
which it is considered instantaneous. Two variants of a one-act shock are considered: imper-
fectly elastic horizontal and absolutely inelastic vertical, when also the action of the instantly
applied weight of the body, which strikes, is additionally taken into account. By the method of
joining solutions, compact analytical expressions are constructed for calculating the ampli-
tudes of displacements and the maxima of elastic restoring forces in the oscillator. Formulas
are also derived for calculating the time when extremes of displacement and elastic force are
reached after impact. It is shown that from the theoretical results obtained, as a special case,
Cox's formula, known in the technical impact theory for perfectly elastic systems, follows. Ex-
amples of calculations are given where a limited number of swings of the oscillatory dissipative
system after impact is shown. The consistency of the computation results for the derived formu-
las with the results of numerical integration of the differential equation of motion on a computer
is established.

Keywords: oscillator, piecewise linear elastic characteristic, mechanical impact by a
solid body, displacements, forces in deformed elements.
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