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BIJIBHE KOJIUBAHHSA CUCTEMMU 3

HECUMETPUYHO KYCKOBOIO JIHIHHOIO
CUJIOBOIO XAPAKTEPUCTHUKOIO

Oasmwanceknii B.I1., Bypaaka B.B., Cnimuenko M.B.,
Xapokigcokuti HAYIOHALHUL MEXHIYHULL YHIGepcumem
cinbebkoeo eocnodapemesa imeni 11 Bacunenka

Posensinymo 6invHi KOMUBAHHA MEXAHIYHOL cucmemu 3 OOHUM CMyneHem
BIILHOCMI, SIKA MAE HECUMEMPUUH) KYCKOBO-TIHIUHY XAPAKMeEPUCMUK) NpYiC-
nocmi. Cucmemu 3 HeCUMEMPUUHOIO KYCKOBO-TIHIUHOIO XAPAKMEPUCMUKOIO
HCOPCMKOCMI NOWUPEHT 8 MEXHIYL, 30KpeMa 8 MPAHCHOPMHUX 3acobax, de no-
PO 3 OCHOBHUM NPYICHUM eJIeMeHmMOM (Decopu) 8UKOPUCIOBYIOMb 000amKO-
BULL NPYIUCHULL eeMeHM—NIOCUNIO8aY (NIOPECOPHUK).

Busedeno zamrneni popmynu onst oduucienns nepiody i uacmomu Kolu-
6anb. /[ 0ocscHenHs: NOCMABIeHol Memu GUOPAHO MemooO NPUNACyBaAHHS
P036’3Ki8 Oughepenyianvhux piensans. Bemarnoeneno ymosu, xkonu xoausamnms
si0Oysaromvcs be3 Oegpopmyeanns niopecopruxa. Iloxaszano, wjo yi xapakme-
PUCIUKU PYXY 3a71edcamb 8i0 amMniimyou Koaueans. B cmammi nokasano, wo
PO3DAXYHOK AMAITIMYOHO20 GIOXULEHHS MOICHA 00EPAHCATNU U IHULUM MEMOOOM.
A came npupienamu nomenyianrbHi eHepeii cucmemu y KpauHboMy 6epXHbOMY |
KPatiHboMy HUICHLOMY NOJONCEHHsX. Becmanosneno, wo nepioo einbHux xoau-
BaHb 3ANENHCUMDb IO NOUATNKOBO2O0 AMNIIMYOHO20 GIOXUNEHHS, WO GIACTNUBO
HenHiuHuUM cucmemam. Busedeni sunadxu, xonu xoausauns izoxopHi. Busna-
YEeHO YMOBU, 30 AKUX CUCEMA MA€E HauMeHwull nepiod Koausans. Becmanos-
JIEHO, WO, BHACTIOOK HeCUMempil XapakmepucmuKky npyscHocmi, nepioo i ua-
CMOMA KOAUBAHb 3A1edCamyb 6i0 mMo2o, 8 AKULL OIK HAOAHO NOYaAmKO8e GiOXU-
JIeHHs. cucmeMu 6i0 NON0JICeHHsl pigHosazu. Jlosedeno, wjo 0as 0b6uUCIeHb
nepiooy i 4acmomu KOAUBaHb MONCHA CKOPUCMAMUCH BUBEOEHUMU hopmyaamu
iy 6unaoky max 36aH020 MUMMEBO20 IMIYILCY, KO CUCMeEM] HA0aHA No4am-
K08a weuoKicmo. {15 yb0o2o mpeba nepepaxysamu no4amKosy WeUoKicms Ha
nouamKoge eKgieaieHmHe BIOXUleHs, CKOPUCMABUUCL X eHepeemuyHUM
cniggionowennam. Haesedeno npukiadu pospaxyukie. B pezynemami po-
3DAXYHKI8 BCTNAHOBNEHO, WO NEePioo | HaCmoma KOIUBAHb 3ANedcams 6i0 Geiu-
YUHU KOHCMPYKMUBHO20 3a30py. AK | 6 HeniniiHi cucmemi, yacmoma i nepioo
3a1excamy He MIbKU 6i0 KOHCIMPYKIMUGHUX NAPAMEmPIE CUCMeMU, d MAKOC |
6i0 eNUYUHU NOYAMK06020 GIOXUNCHHA iT 610 nonodicenns pisnosazu. Ix o6uuc-
JIeHHs 3600UMbCSL 00 BUKOPUCAHHS KOMNAKIMHUX PO3PAXYHKOGUX (hOpMYIL, 5Ki
no6yooearo ¢ pooomi.

Knrouoei cnosa: necumempuuna xapakmepucmuxa npy*CHOCMI, GilbHI KO-
AueanHs, nepioo i uacmoma, 3a0aua Kowii, ananimuunuil po3e si30K.
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AKTyanbHiCTh

Cucremu 3 HECUMETPUYHOIO KYCKOBO JIIHIIHOIO XapaKTepHCTHKOFO )KOPCT-
KOCTi TIOIIMPEHI B TEXHIIll, 30KpeMa B TPAHCIIOPTHUX 3aco0ax, Je Mops 3 OC-
HOBHHM TIPY)XHUM €JIEMEHTOM (pECOpH) BUKOPHUCTOBYIOTH JIOJIATKOBHHA TPYX-
HUH elleMeHT-IiAcHiIoBay (MiApecopHUK). [HOAI OAaTKOBUM NPYKHUM eJie-
MEHTOM € 00MexXyBay rnepeminieHs (0ydep). SIKIIo 1omaTKOBHUIt e1eMEeHT BCTa-
HOBJIEHO 3 OTHOTO OOKY BiJ| IOJIO’KEHHS PIBHOBAaru CHCTEMH, 110 3yCTPIYaeThCs
Ha MPAaKTHIli, TO MPYXKHA XapaKTEepHCTHKA CTa€ HECUMETPHIHOIO.

AHaJi3 ocTaHHIX my0Jaikanii

®dopmynu 1715 po3paxyHKiB YaCTOTH 1 epioy BIIbHUX KOJMBAaHb CHCTEMH
3 OJIHMM CTYIIEHEM BIJIbHOCTI, III0 Ma€ CUMETPUUYHY KYCKOBO-JTiHIHHY XapakKTe-
PHUCTHKH, HaJpyKOBaHO B JNOBIAHUKY [1]. Aje iX He Mae Uil HECHMETPUYHOI
XapaKTEPUCTUKH, IO MOCITYXHJIO MOTUBOM ITi€l poOOTH.

Mera crarTi

MerToro CTaTTi € BUBUEHHS OCOOIMBOCTEN BIILHHUX KOJIMBAHL MEXaHIUHOL
CHUCTEMH 3 OJHUM CTYIICHEM BUIBHOCTI, 1[0 3YMOBJICHI HECUMETPIEI KYCKOBO
JIHIMHOT CHIIOBOI XapaKTEPUCTHKH.

3aco00M JOCATHEHHS ITOCTAaBIIEHOI METH BHOPAHO METO]| PHUIACYBaHHS
PO3B’sI3KiB IM(EepeHIliabHUX PiBHSIHb. BUKOpHCTaHHS BKa3aHOTO METOTY JIaJI0
MOXIJIUBICTh TIOOYyBaTH 3aMKHEHI (opMynn ajst oOUHCIIeHHs nepiofy 1 4a-
CTOTH BUTBHUX KOJIUBAHb Ta 3’5ICYBaTU OCOOIHMBOCTI PYyXY.
BuxkiageHHs1 0CHOBHOI0 MaTepianry

BHKOpHCTOBYEMO PO3pPaxyHKOBY CXeMy, 300paxxeHy Ha puC. 1.

Puc. 1. Po3zpaxyHkoBa cxema

TyT OCHOBHUH NpPYXHUH €IEMEHT >KOPCTKOCTL ¢ YIPUMYE TBEpJe TLIO

(MaTepiaJbHy TOUKY) MAcOIO 5. 3HHM3Y BiJ| OJIOXKEHHS BCTAHOBJIEHO €JIEMEHT
HiJICUIIOBAY JKOPCTKOCTI ¢,, IKMI BCTYIIA€ B POOOTY, KOJIHU IEPEMIlIEeHHS CH-

CTEMH x(¢) MepeBHIIVE 3a30p x =x, > 0. Hampsim Bici OX crpsiMmoByemo
1
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BHU3. [Ipuiryckaemo, 110 NPUYMHOIO BUIBHUX KOJIMBAHb € IOYATKOBE BiIXH-
JIHHS CHCTEMH Bropy Ha X = —a, Bij monoxenns pisHosarn X=0.

Ha npomixky 4acy ¢ e [0;¢,], KOMH —q, < x(¢)< x,, KOIH PyX CUCTeMU
ormcyeMo JudepeHnianbHIM PiBHSHHM [2, 3]:

mx+cx=0,
TIPY TTIOYaTKOBUX YMOBaX:
x(0)=-a,, x(0)=0,

Jie Kparka HaJl y O3Hayda€ MOXiJHY IO ; .

Po3B’s13ku 11i€1 3a1a4i € BUpa3:

x(t)=—a0 cos(wlt), (1)

y skoMy ] = Cl/m; a,>0.
Pyx BinOyBaeThCs 31 MBHUIKICTIO:
X (t) = a,0, sin (wlt) . (2)
SIKI0 OYaTKOBE BIAXMUJIEHHS 33JJ0BOJIHSE HEPIBHOCTI g, < X, , TO KONU-

BaHHS NPOXOIAIThH Oe3 neopMyBaHHS MiPECOPHIKA, a TX YacTOTH 1 epiof Ko-

JIMBaHb BiJINOBiZHO CTAHOBIATE: @, 1 7, = 27 / @, . MaeMo BapiaHT JiHilHHX

i30XOpHUX BiIBHUX KONUBaHb [4], komu o, 1 T He 3anexarts Bix ), npudomy
Ti = T max *

Jani posrnsHeMo Oinbll CKIagHMN BUMANOK, a, > x,. JebopMyBaHH:
IiipecOpHUKa OUUHAEThCA IPU ¢ = ¢, 13riaHo 3 (1)1 (2):

x, =x(t)=-a,cos(ot); v =x(t)=a,0 s sin(ot)-

I3 ux piBHSAHBL BUILTUBAE, II10:

— x] _ 1 T : xl 2 2
t, =—arccos| —— |=—| —+arcsin— | ; u =@Ja; —X;
a 2 a 0
o o) @ o
Ha npoMixkky ¢ e [ #;¢,], KOIHM x (1) = x,, PyX CUCTEMHU OIHUCY€ETHCS ude-
PEHIAIBHAM PiBHSIHHSIM:
m)'c'+clx+cz(x—xl)=0, 3)
3 IMOYaTKOBUMH YMOBaMHU:
x(ll)= X )&(ll)=ul .

s 3amaua Komri Mmae po3B’si30k:
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K()=-20y [ j[_J sinf o (1=4)ra]. v

B ¢ +c, ¢ +c, o,
C,
SIKOMY: (0, = (c +c )/m- Ol=al”Ctgﬂ=arCtgwl—xl,
y y @, 176 > 5
(Cl +Cz)“1 Wy Gy — X,

3rinHo 3 (4) aMIUIITY/IHE IEPEMIIICHH CUCTEMH BHU3 4, CTaHOBUTH!

2

_ 6X X ¢ 2 2\ _
A, = + + (a0 —xO) =
C1+C2 CI+C2 C1+C2

) ©)

1
= —(cle + \/(cl +0,)ca; —cex! )
i oCATAETHCS BOHO MPHU:

¢ +c,
1 (x
t=t.=t,+—| =—a |.
w,\ 2

Bupas 111 A, MojHa TaKOX OJePaKATH HE pO3B’A3ytouu piBHAHHA (4). s

LIOTO CJIijl IPUPIBHATH MMOTEHIIaJbHI EHEepTii CUCTEMH y KPalHbOMY BEPXHb-
OMY 1 KpalfHbOMY HIDKHBOMY TTOJIOKeHHsIX. Lle nae piBHSIHHS:

2 2 2
G4, _Cle TG (Ao _xl) > (6)
3 SKOrO BUIUIUBAE, MO A4, <d,, TOOTO aMILUIITY/AHE BiAXWIEHHS CUCTEMH BHU3
MEHIIIe, HiXK BIJIXWJICHHS BrOPY.

EnemenTapHIM 1epeTBOPEHHSM 3aJISKHICTH (6) 3BOAMMO JI0 KBaJPaTHOTO
PIBHSHHS:

2 2
422 6 X G4, —6X

0

A

0 :Oa
¢ +c, ¢ +c,

[o mae po3B’si30k (5).
OCKIIBKH TIPH = f, CUCTEMa [TOYMHAE PYX BroOpy, TO MEPioj KOIUBAHb 7
JIOPIBHIOE:
1 1 2 x 2 X,

T =2t =r| —+— |+—arcsin———arctg —.
0 ) o a o, W,/ ay — X,

(7
3HAIOUH T, JISTKO OOYUCITUTH i YACTOTY KOJIUBAHb ¢, 0O:

o=2r/T
Jnst momaneInoro mapaMeTpudyHoro aHainizy, (opmym (7) JOLUUITBHO
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HagaTyu BUTJIAA:

2 2
T=T, +—arctgL——arctg&, (8)
@ a-xi O w\ag —X;
1 1
ac Tmin =7 —+—
@

I3 (8) BumTMBaE, 110 Nepios BUTBHUX KOJIMBaHb 3aJIEKUTh Bij II0YaTKOBOTO

aMILTITYAHOTO BiIXUNEHHsT y , 110 BJIAaCTHBO HENMiHIHHUM cucTeMaM. Bukimo-

YCHHAM € TPpU OKPEMUX BUIIAIKU i3OXOpHOCTi KOJIMBAJIbHOI CUCTEMH. HepHII/Iﬁ

3 HUX Maemo, koiu &y =X, . Toni:

0 @) 0 0 o
e BapiaHT MaJMX aMIUTITYIHUX KOJHUBAHb.
Jpyruii BuHMKae, gkmo ¢, = 0. dad HeOro , = @, 1, 3rigHo 3 (8),
T=T=

1 max

. Y cucremi BII[CYTHII/I HlI[peCOpHI/IK

Tperiit BUIMagok MaeMo 1pu x, =0 . Momy Biznoinae HaiiMenmmii mepion
konmuBaHp T =T, . . Y MiHIMaJIbHOCTI 3HAUEHHS Nepiojia JErko NepeKOHATHCh,
BHUKOPHCTOBYIOUH (8) 1 HEpiBHOCTI:

2

0, > 0; _>_- arctg
@, \[

V BiANOBIAHOCTI 3 HUMH, IIpH X >0, 7> 7.

> arctg

X
2\/“5 _x12 '

TakuMm 4rHOM, TIEpioJ] KOJMBAaHb CUCTEMH, 300paXkeHOl Ha puc. 1, 3amo-
BOJIEHSIE HEPIBHOCTSIM

o L ll<r<?®

o o o
110 YTBOPIOIOTH HOTO TBOOIYHY OILIHKY.

OCKIUTBKY KOJIMBAHHS ITPOXOJATH 3 PI3HUMH aMILTITYTHUMH BiIXWICHHIMHI
Bropy i BHU3, 3’5CYyeMO Jali sIK OOUMCIMTH 7 1 o NpH 3aJaHOMy 4, . I3 (5)

BHILIMBAE, LIO:
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c +c C,y X, ’ sz
2 2
a() x] 1 2 271 171

)

¢ ¢ +c, ¢ +c,
Tomy mist obuucneHHs r i o, KpiM (8), Tpeba J0JaTKOBO BHKOPHCTO-
ByBatH (9).
[Tpn ogHAKOBMX MOYATKOBUX BiJIXWIJIEHHSX BrOPY i BHU3 MaeMO pi3Hi 3Ha-

YEHHS TIEPIOJIiB 1 YaCTOT KOJ¥MBaHb. L{e HACIiIOK HeCMMETpii CHITOBOI XapaKTe-
PUCTUKH CHCTEMHU.

KpiM mouaTkoBOro BiIXHICHHS, MPUYHHOK BUTFHUX KOJIWBAaHb MOXKE OyTH
HaJaHa CUCTeMi I0YaTKOBa IIBUAKICTh v, a0o Aisf TaK 3BAHOIO MHUTTEBOTO iM-

mysbCy. SIKIIO MoYyaTKoBa MBHAKICTH HajaHa B monoxkerHi X=0, To w1 po-
3paxyHKy 7 1 » MOXXHa BUKOPHCTaTH BHBeAEHI Buie ¢opmynu. s nporo
Tpeba CKOPUCTATHCS SHEPTeTUYHUM CITiBB1THOILICHHSIM:

mv. =ca; ,
TOOTO IepepaxyBaTH IOYaTKOBY MIBUAKICTb v, HA €KBiBaJEHTHE IOYAaTKOBE
BIXMJICHHS:
m_Y%
q o

Ilpn 1bOMY HeMae 3HAYEHHs B SKOMY HallpsiMi, BHU3 9M Bropy, HaJaHa
HIBUJKICTD U, .

a, =0,

Po3srnsHeMo npuxiagy po3paxyHKy.

Hpuxkaax 1. [na npoBefeHHs OOYUCICHb MPUAMAEMO: m =10° kr ;
¢, =64-10° H/m; ¢, =80-10° H/m; x =0,02m. 3nHalizeMo 7, KoOIH
a,=0,04 m. [nsg npudHATHX 4YHUCIOBUX MJAaHUX: o, =8 c¢'; w,=12¢";

T ~0,6545 c; \Ja; —x; ~0,03464 M. Iligcranoska ix B dopmyny (8) mae
T ~0,7242 ¢. Sxmo 3amicte a, 3amatu A, =0,04 m, TO 3rigHO 3 (9),

a; —x; ~0,041231 M. Toxi 3a dopmymoro (8) orpumyemo T ~0,7153 ¢. V

JIPYroMy BHINJIKy 3MEHIIUBCS I1€PioJ] KOJIMBaHb, TOOTO BOHU IPOXOATH 3 O1Tb-
IO 9aCTOTOIO.

Mpuknag 2. O6uncnumo, IKUM Oy/ie Iepiosl KOJIMBaHb OCHMIATOPA 3 T10-
NepeqHIMM  MapamMeTpamMH, KOJIM WOMY HaJaTH II0YaTKOBY HIBHUAKICTh

v, = 0,4 wm/c. Lliit mBuaKocti BimoBinae: a, = 0,05 m; y/a; —x; ~0,04583 M
; T=0,7102 ¢ . Sxio 3MEHIIUTH KOHCTPYKTUBHUH 3a30p x 10 x, = 0,01 M,
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TO 3MCHIIUTKC 1 MEePiojl KoMuBaHb 10 3HaueHHs 1 =~ 0,6841 c. Omxke nepiof i
4acToTa KOJUBAHb 3aJICKATh BiJI BEIMYUHU 3a30DYy.

BucHoBku

OO0umcieHHs IepioAy 1 YaCTOTH BIIBHUX KOJMBAHb CHCTEMH 3 HECUMET-
PHUYHOO KYCKOBO JIIHIHHOIO CHIIOBOIO XapaKTEPHCTUKOIO 3BOJIUTHCS /10 BHKOPH-
CTaHHs KOMITAaKTHUX PO3paxyHKOBHX (OPMYJI, SIKi TOOYA0BaHO B poOOTi. Sk i B
HEJIHIHHI CHCTeMi, YacToTa i epioJ 3aIeXaTh He TIJIbKH BiJl KOHCTPYKTUBHHUX
apaMeTpiB CUCTEMH, a TAKOX 1 BiJl BEIMYMHU MTOYATKOBOTO BiJXWJICHHS 11 BiJ
TIOJIO’KEHHSI PIBHOBAarv. BHAciiOK HecuMeTpii XapaKTepUCTHKH MPYXKHOCTI,
aMIUTITYI KOJIMBaHb CUCTEMH Pi3Hi 110 Pi3HI CTOPOHHU BiJI MOJOKEHHS PiBHO-
Baru.
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Abstract

FREE SYSTEM OSCILLATION WITH NON-SYMETRIC
PIECEWICE LINEAR CHARACTERISTICS

Olshanskiy V.P., Burlaka V.V, Slipchenko M.V.

Free oscillations of a mechanical system with one degree of freedom, which
has an asymmetrical piecewise linear characteristic of elasticity are investi-
gated. Systems with asymmetrical piecewise linear stiffness characteristics are
common in engineering, in particular in vehicles, where an additional elastic
element is used along with the main elastic element (springs). Closed formulas
are derived for calculating the period and frequency of oscillations. To achieve
this goal, method of adding of the solutions of differential equations were cho-
sen. Conditions are established where oscillations occur without deformation of
the sub-springs. It is shown that these characteristics of motion depend on the
amplitude of the oscillations. The article shows that the calculation of the am-
plitude deviation can be obtained in another way. Namely, to equate the poten-
tial energies of the system in the extreme upper and lower positions. It is estab-
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lished that the period of free oscillations depends on the initial amplitude devi-
ation, actually to nonlinear systems.Conditions had obtained when the oscilla-
tions are isochoric. The conditions under which the system has the smallest pe-
riod of oscillations are determined. It is established that due to the asymmetry
of the elasticity characteristics, the period and frequency of the oscillations de-
pend on the direction in which the initial deviation of the system from the equi-
librium position is given. It is proved that for calculations of the period and
frequency of oscillations, one can use the derived formulas in the case of the so-
called instantaneous pulse, when the initial velocity is given to the system. To
do this, it is necessary to re-count the initial speed by the initial equivalent to
the deviations, taking advantage of their energy ratio. Examples of calculations
are given. As a result of calculations it is established that the period and fre-
quency of oscillations depend on the size of the constructive clearance. As in
nonlinear systems, the frequency and period depend not only on the design pa-
rameters of the system, but also on the magnitude of its initial deviation from
the equilibrium position. Their calculations are reduced to the use of compact
computational formulas, which are constructed in the work.

Keywords: asymmetric characteristic of elasticity, free oscillations, period
and frequency, Cauchy problem, analytical solution.
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